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Abstract 

In this paper, we show that any ancient solution to the Ricci flow 
with the reduced volume whose asymptotic limit is sufficiently close 
to that of the Gaussian soliton is isometric to the Euclidean space for 
all time. This is a generalization of Anderson's result for Ricci-flat 
manifolds. As a corollary, a gap theorem for gradient shrinking Ricci 
solitons is also obtained. 



1 Introduction 

Let us consider a smooth one-parameter family of Riemannian metrics g{t), 
t £ [0,T) on a manifold M. We call (M,g{t)) a Ricci flow if it satisfies 

(1.1) ^5 = -2Ric 

where Ric denotes the Ricci tensor of g{t). We also use R := trRic to denote 
the scalar curvature. The purpose of the present paper is to show a gap 
theorem for the Ricci flow. In order to state our main theorem, we first 
recall a heuristic argument given in [25^ Section 6]. 

In his seminal paper [25], Perelman introduced a comparison geometric 
approach to the Ricci flow, called reduced geometry in p3]- For a Ricci 
flow (M'^ , g{t)),t G [0,T) with singular time T, take Tq < T and consider 
the backward Ricci flow ^(t), where t := Tq — t £ [0, Tq] is the reverse 
time. Equipping M := M x S'^ x (0, Tq], for large ^ 1, with a metric g 
written as 

(1.2) g = g{r) + rgsN + + ^) 

Perelman observed that (M, ^) has vanishing Ricci curvature up to mod N~^. 
Here, [S^ ,ggN) is the A^-sphere with constant curvature An easy way 
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to get a feeling of this is to regard ^ as a cone metric by setting r/ := ^2Nt. 
Recall that the metric cone {N x {^,T),d'rf +rf'gN) of {N,g]\f) is Ricci-flat 
if and only if Ricg^^ = (dimA^ — l)gN- Then he applied the Bishop-Gromov 
inequality to {M,g) formally to obtain an invariant V(p,o)(''") which he called 
the reduced volume. As expected, the reduced volume is non-increasing in 
r (Theorem 2.1) and his first application of this was the (re)proof of his no 
local collapsing theorem |25l Section 7]. 

Throughout this paper, we adopt the convention that the reduced volume 
is identically 1 for the Gaussian soliton. The Gaussian soliton is the trivial 

Ricci flow (M"',gE) on the Euclidean space regarded as a gradient shrinking 

I P 

Ricci soliton (M",gE, 4 )• 

Now we state our main theorem of this paper. 

Theorem 1.1. There exists e„ > which depends only on n > 2 and 
satisfies the following: let {M'"',g{T)),T E [0, 00) be a complete ancient so- 
lution to the Ricci flow on an n-manifold M with Ricci curvature bounded 
below. Suppose that the asymptotic limit of the reduced volume limT-^oo ^(p,o) 
(r) is greater than 1 — for some p £ M . Then (M^ , g{T)) is the Gaussian 
soliton, i.e., isometric to the Euclidean space (M",gE) for all r S [0,oo). 

We say that {M,g{T)) is ancient when g{T) exists for all r G [0,cxd). 
Ancient solutions are important objects in the study of singularities of the 
Ricci flow. The limit V{g) := limT-^oo ^(p,o)(''") will be called the asymptotic 
reduced volume of the flow ^(t). We will see in Lemma 3.1 below that V{g) 
is independent of the choice of p G M. 

By regarding a Ricci-flat metric as an ancient solution as in Theorem 
11.11 we recover the following result, which is the motivation of the present 
paper. 

Theorem 1.2 ([H Gap Lemma 3.1]). There exists e„ > which satisfies 
the following: let {M"',g) be an n-dimensional complete Ricci-flat Rieman- 
nian manifold. Suppose that the asymptotic volume ratio v{g) := lim^-^oo 
Vol B{p, r)/ijOn'r'^ of g is greater than 1 — e„ . Here uJn stands for the volume 
of the unit ball in the Euclidean space (M^jI^e)- Then {M'^,g) is isometric 
to (M",5e). 

On the way to the proof of Theorem II. 1^ we establish several lemmas. 
Here we state one of them as a theorem, which is of independent interest. 

Theorem 1.3. Let {M" , g{T)),T £ [0, 00) be a complete ancient solution 
to the Ricci flow on M with Ricci curvature bounded below. If V{g) > 0, 



2 



then the fundamental group of M is finite. In particular, any ancient k- 
solution to the Ricci flow has finite fundamental group. 

More generally, Theorem 1 1.31 is shown for super Ricci flows in Lemma [3. 21 
under certain assumptions. See also Remark 16.31 below for application. 

Finally, we apply the theorems above to gradient shrinkers. We call a 
triple (M, g, f) a gradient shrinking Ricci soliton when 

Ric + Hess / — —g = 
2\ 

holds for some positive constant A > 0. Shrinking Ricci solitons are typical 
examples of ancient solutions to the Ricci flow. We normalize the potential 
function / G C°°(M) by adding a constant so that 

(1.3) i? + |V/|2-{ = onM. 

A 

The left-hand side of (jl.3p is known to be constant [8, Proposition 1.15]. 

Corollary 1.1. Let {M^,g,f) be a complete gradient shrinking Ricci soliton 
with Ricci curvature bounded below. Then 

(1) the fundamental group of M is finite and 

(2) the normalized f -volume J^j{ATT\)~^/'^e^f d^ig does not exceed 1. 

(3) Suppose that 

[ (47rA)-"/2e-^d/i3 > l-e,, 
Jm 

then [M^,g,f) is, up to scaling, the Gaussian soliton (M",<^E) 4-)- 
Here the constant comes from Theorem 

Part (1) of Corollary 1 1.1 1 is a restatement of the result obtained by many 
people in more general context (cf. [25]). The other statements in Corol- 
lary [TTT] are intimately related to the results of Carrillo-Ni [3]. In particular. 
Corollary 1.2.(3) proves their conjecture that the normalized f -volume is 1 
only for the Gaussian soliton [3]. See Remark 16.51 below. 

The paper is organized as follows. In Section 2, we review definitions and 
Perelman's results in [25]. We will do this for super Ricci flows. In Section 3, 
we prove some lemmas required in the proof of the main theorem. In Section 
4, we give a proof of Theorem 1 1.1[ In Section 5, we prove Corollary 11.11 and 
consider expanding solitons with non-negative Ricci curvature. The final 
section contains some remarks. Appendix A is devoted to detailed proofs of 
the facts used in the argument without proof. 
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2 Comparison geometry of super Ricci flows 



2.1 Super Ricci flow 

In this section, we recall the definitions and results in j25l Sections 6 and 7]. 
The main references are \25\ [29l IT71 [8]. Among them, Ye [2^ paid careful 
attention to argue under the assumption of Ricci curvature bounded below 
rather than bounded sectional curvature (see also |1H Appendix]). The 
assumption of Theorem II .11 on the Ricci flow (M"',g'(r)) is the same as that 
considered in [29j. We mainly adopt the notation of [8j. 

We would like to develop Perelman's reduced geometry in more general 
situation, that is, the super Ricci flow. This will provide us with a convenient 
setting for comparison geometry of the Ricci flow. A smooth one-parameter 
family of Riemannian metrics (M, g(T)),r S [0,T) is called a super Ricci 
flow when it satisfies 

d 

(2.1) — 5<2Ric. 

Super Ricci flow was introduced by McCann-Topping [20] in their attempt 
to generalize the contraction property of heat equation in the Wasserstein 
spaces, which characterizes the non- negativity of the Ricci curvature of the 
Riemannian metrics (see [26j), to time-depending metrics. See also [19] for 
this topic. 

Basic and important examples of super Ricci flows are 

Example 2.1. (1) A solution to the backward Ricci flow equation -§^9 = 
2Ric and 

(2) g{T) := (1 + 2CT)gQ,T G [0, jcj:^) some fixed Riemannian metric 
go with Ricci curvature bounded from below by C S M. 

Therefore, it can be said that the study of super Ricci flows includes 
those of (backward) Ricci flows and manifolds with Ricci curvature bounded 
from below. 

We can straightforwardly generalize Perelman's reduced geometry to the 
super Ricci flow if we impose the following assumptions. 

Assumption 2.1. Putting 2h := -^g and H := trg(^)/i, h satisfies 

(1) contracted second Bianchi identity 2div/i(-) = (VH,-) and 

(2) heat-like equation —tVgf^^-^-^h > Ag(^^-^H, or equivalently, 
(2.2) -^H>Ag^^)H + 2\h\\ 
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Clearly, the ones in Example 12.11 above satisfy Assumption 12. li It is 
known that the evolution equation for the scalar curvature R under the 
Ricci flow g(r) is given by —-§fR = ^g{T)R + 2|Ricp. 

In what follows, we denote by (M, g{T)),T E [0,T) a complete super, or 
backward Ricci flow on an n-manifold M satisfying Assumption 12.11 It is 
also assumed that the time-derivative -^g is bounded from below in each 
compact time interval, that is, for any compact interval [Ti,r2] C [0, T), we 
can find K = K{ti, T2) > such that —Kg{T) < -^g < 2RiCg(^) and hence 

e^(-^-)g{T2) > g{T) > e-^(---^)g(Ti) 

for all r G [Ti,r2]. Although Assumption 12.11 looks too restrictive, the au- 
thor's intention is a unified treatment of backward Ricci fiows and Rieman- 
nian manifolds with non-negative Ricci curvature. (See also Remark 16. II be- 
low.) 

2.2 Definition of the reduced volume 

Let us start with the definitions. Fix p G M, [ti,T2] C [0, T) and 

r e (o,r). 

Definition 2.1. Let 7 : [ri,r2] ^ M be a curve. We define the C-length of 
7 and the C-distance, respectively, by 

£(7) := £V(|^|'^^^+^(7(r),r))dT 

and 

-^(p,Ti) (9,7-2) := inf{£(7); 7 : [ri,r2] M with 7(ri) =p,7(t2) = q). 

The lower bound oi -^g guarantees that the ^-distance between any two 
points is achieved by a minimal £-geodesic. This is the only place where we 
employ the assumption on -^g. A curve 7(r) is called an C-geodesic when 

X d^ 
(2.3) 2VxX + VH + 4h{X,-) =0, X := -^{t) 

T dT 

is satisfied. 

Then the reduced distance and the reduced volume based at (p, 0) are 
defined, respectively, by 
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and 

%,0)(t) := / (4^r)-«/2e-A.,o)(9,^)d^^(^^(g) 
JM 

where dAig(f) denotes the volume element induced by g{f ). 
We can rewrite the reduced volume as 

(2.4) 

%,0){r)= [ (4^r)-"/2exp(-£(p,o)(/:exp^(y), f))£Jy(f)dxg(o)(y) 

JTpM ^ ' 

by pulling back the integrand by the exponential map C exp^ : TpM M 
which assigns ^yvif), if exists, to each V £ TpM. Here is the £-geodesic 
determined by 7y(0) = p and hmT-^o+ \/t^{t) = V. In (12. 4p . dxgi^Q) denotes 
the Lebesgue measure on TpM induced by the metric g{0) and CJv{f) is 
called the C-Jacobian. Remember that we are using the convention that 
CJvij) = unless V G f^(p,o)(^)- By V G f^(p,o)(^)) mean that C exp^(l/) 
exists and lies outside the C-cut locus at time r. It follows that ^^(p,o)('^) is an 
open set of TpM, on which C exp^ is a diffeomorphism, and that 17(^ 0) (''"2) C 
0(p O)(''"i) fo'^ T2 > Ti > 0. The base point (p, 0) will often be suppressed. 

2.3 Monotonicity of the reduced volume 

Next, we recall the computations performed in |251 Section 7]. 

Let q £ C exp^(r2(p o)(^)) 7 : [0,f] ^ M be the unique minimal 
£-geodesic from (p, 0) to {q,f). Take a tangent vector Y £ TgM and extend 
it to the vector field along 7 by solving 

VxY = -h{Y,-) + ^, Y{f) = Y 

so that |yp(T) = 

Then we have that V£{q,f) = ^(t) and 

(2.5) \Vi\\q, f) = -H{q, f) + - 

Hess £iY,Y)iq,f) < -h{Y,Y) + — ^ - / V^W(X,y)dr 

2r 2Vt Jo 

Tl 1 

(2.6) A£(g, r) < -/7(g, r) + - - 

f) 77 1 

- log CJvif) = Ae{q, f) + H{q, f) < - - ^^K. 
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Here, following [25l Section 7], we have put 
dH H 



dT 



2{VH,X) + 2h{X,X) 



n{x) 

K 

n{x,Y) 



The point where we have used Assumption 12.11 is the derivation of (12.6 
from (gi]) (cf. [g Lemma 7.42)]): 



T^/^n{x)dT 

iVyVH, Y) + 2{R{X, Y)Y, X) + 4Vy/i(X, Y) - ^Vxh{Y, Y) 
2^{Y,Y) + 2\h{Y,.)\'' --h{Y,Y). 

OT T 



trn{x,' 



f)j-f ff 

-AH + 2 Ric(X, X)+4 div h(X) - 4(VH, X) - 2- 2\h\^ 

OT T 



n{X) + 2 Ric(X, X) - h{X, X) 



+ 



-^-AH-2\h\' 

OT 



+ 2 



2d\wh{X) - {VH,X) 



> n{x). 

The quantities corresponding to 'H{X) and ti7i{X,-) appear in [7, (1.2)] 
and [71 (1.4)] as the trace Harnack expressions of Hamilton [13] and Chow- 
Hamilton respectively. 

We now state the main theorem of this section (cf. [8, 25, 29]). 

Theorem 2.1. Let {M"' , g{T)),T £ [0, T) be a complete super Ricci flow 
satisfying Assumption \2. 1\ with time derivative bounded below. Then for any 
pe M andV G TpM , 

(2.7) (4^r)-"/2e-Vo)(7v(r),r)£j^(^) 

is non-increasing in r and 

(4^r)^"/2g-Vo){7yW,r)^j^^^) 



lim 



^-n/2g-|V|^(0). 



Moreover, (2.1) is constant on (0, r] if and only if the shrinking soliton 
equation: 



(2i 



2^ + Hess £(p,o) - 1^9 {1v{t),t) = 
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holds along the C-geodesic 71/ (t) for r G (0, r]. 

Hence, V(pfi){T) is non-increasing in t, limT-^o+ ^(p,o)(''") = 1 '^^^ hence 
V(j)fl-^{T) < 1. Moreover, V(^pfi-^{f) = 1 for some f > if and only if (M", 
g{T)),T G [0, f] is the Gaussian soliton. 

We need to give a proof that V(pfi){f) = 1 for some f > implies 
that (M"^ , g(T)) is the Gaussian sohton on [0, f]. The proofs of the other 
statements are minor modifications of those of [U Lemma 8.16, Corohary 
8.17] for the Ricci flow. It should be noted that we have no assumption 
on the curvature of g{T) other than the lower bound of -^g in contrast to 
[SI Corollary 8.17]. 

Proof of Theorem \2.1[ Suppose that V(pfl){f) = 1. This implies that M is 
simply connected. Otherwise, the reduced volume of the universal covering 
{M,g{f)) of (M, (7(f)) must be greater than 1, which is a contradiction. 

Fix some small G (0)^)- For any r G {Ts,f], let (Pr-Tg : M — > M be 
the map which sends g G M to j{t), where 7 : [0,r] — > M is the minimal 
i3-geodesic passing {q, ts) with 7(0) = p. 

Since -^ipr-Tsil) = ^i^) — ^^(p,o)(7(''")) ''")) '^^ deduce from (j2.8p that 



d I 1 
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g^^"(V'r-r,)*9(^) = -{fr-TsT ["-^M + 2 HcSS ^(p^Q) + ^('^) 

Hence, 



0. 



11 r 

-ifT-TsTg{T) = —g{Ts) or equivalently ^(t) = —{ip~^ yg{Ts). 

T TS TS " 

Since g(r) is smooth around (p, 0), we have 

\Rm\{q,T) = ^\Rm\{^;^,^{q),Ts) 

< ^ (|Rm|(p, 0) + 9{ts)^ ^ as T5 ^ 

where Rm denotes the Riemann curvature tensor and 9{ts) is a function 
such that 6{ts) — > as — > 0. Consequently, {M^,g{T)) is flat and hence 
isometric to (M",gE) for each r G [0,f]. We can write g{T) = u{T)~^gE for 
some positive non-decreasing function u{t) with u{0) = 1. It remains to 
show that u{t) = 1 for all r G [0, f]. 

Introduce a new parameter a := to write g{a) = u{a)~^gE for 

a G [0, a], where a := By calculation (cf. [8, Lemma 7.67]), it is easy to 

see that 

. f -^ Mp,Q? n u Jq log u{a) da 

^{p,o){q, r) = ^ ^ - - log u{a) + 

cr Jg u[a) da 2 2 a 
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and 



y(p,0) {r)= ( vra exp = exp - _ ^ ' dx{q) 

1 r ^ ^^ /o"log^x(a)(iax~n/2 
' u[a) da exp ■ ' 



It follows from Jensen's inequality 



(2.9) 



1 r If" 

— / logu((T) (ifj < log — / u{a)da 
o" Jo cr Jo 



that V(p^o)(''") > 1- As V(j)fi){T) < 1, we must have equality in (|2.9p . that is, 
u{(t) = 1. This completes the proof of Theorem 12. 1[ □ 

2.4 Example 

As an important example, let us look at a stationary super Ricci flow. Then 
we obtain an invariant which is called the static reduced volume in [8]. Its 
relation to the volume ratio is given by 

Lemma 2.1 ([HI Lemma 8.10]). Let {M^,g) he an n- dimensional complete 
Riemannian manifold of non-negative Ricci curvature regarded as a station- 
ary super Ricci flow, i.e., -^g = < 2Ric. Then for any p ^ M and t > 0, 
we have 

(2.10) %,o)(r) = ^^(4vrT)-"/2exp(-^^) d^{q) < 1, 

and 

V{g) := hm %,o)(r) = hm Y^L^l^ =: ^(^). 

T— »oo ^ ' r— >oo LOjir 

Furthermore, the equality holds in l\2.10ti for some t > if and only if 
{M'^,g) is isometric to (M",(7e)- 

By virtue of Lemma 12. 1^ we know that Theorem 11.11 generalizes 
Theorem 11.21 

One can easily compute how the reduced distance and reduced volume 
change under parabolic rescaling. 

Proposition 2.1 ([S] Lemma 8.34]). Ifg{T),T G [0,r) is a super Ricci flow, 
then {Qg){T) := Qg{Q~^T),T G [0,QT) is also a super Ricci flow for any 
Q > 0. Under this parabolic rescaling, we have 

t) = e9(^q, Q-^t) and V^^^t) = V^{Q-^t). 
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In particular, the asymptotic reduced volume is invariant under the parabolic 
reseating, i.e., V{g) = V{Qg), for any ancient super Ricci flow g{T),T G 
[0,oo). 

3 Preliminary results 

In this section, we prove some lemmas needed in the proof of our main 
theorem. 

3.1 Preliminary estimates 

Given a super Ricci flow (M",5r(r)),r G [0,r), take p G M and r G (0,r). 
Let us put 



This notation comes from the fact that a geodesic ball in a Ricmannian 
manifold is the image of ball of the same radius in the tangent space under 
the exponential map. In this subsection, we derive a few estimates which we 
shall make heavy use of in the remaining of this paper. 



(2) Given r > andro G (0, T), we can find a family of subsets jCKT^j-g{p,r) 
of M for T G (0, T) satisfying the following properties: 

(a) For all r < TQ^jCKT^T^ip^r) is compact. 

(b) For all r < f.,CKr^To{p-,f) contains all of the points 7(r) on any 
minimal C-geodesics 7 : [0,f] — > M connecting ip,0) and {q,f) 
with q G CKf^TQ (p, r) . 

(c) For all t > tq we have 



CBr{p,r) := {C exp,(y); V G 5^(p,o)(r), \V\g^o) < r}. 



Proposition 3.1. Letu{-,T) := (47rr) "/^ exp(—£(p o)(') ''"))• 

(1) For all r > and r G (0,r), we have 





Here, e{r) is a function ofr > with e{r) < e ''^/^ for allr large enough. 
Clearly, e{r) decays to exponentially as r —> 00. 
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Proof. (1) We deduce from (j2.4p and Theorem 12.11 that 



u{:,T)diig^r) = / exp^(y),r)£Jy(r)da;g(o)(y) 



< 



^-n/2g-|V|^(Qj dx3(0)(y) =:e(r). 
TpM\B{0,r) 



(2) Take a compact set K of TpM so that K C i?(0,r) n 0(p o)(''"o) and 
the Lebesgue measure of B{0,r) n o)(''"o) \ induced by ^(O), is less 
than 7r"/^e(r). We show that LKr^Toip,^) := £ exp^{K D 0(p^o)(''")) has the 
desired properties. It is clear that (a) and (b) hold by construction, since 
r2(pO)(''"o) C ^^(p,o)(''") foi' ^ ''"o- Furthermore, by the same argument as in 
(1), we deduce that 

M\CKr,ro{P,r) 



M\CB^ {p,r) JcBr {p,r)\CKr,rQ {p,r) 



for T > tq. 

Finally, we estimate e(r) for r > tq by 



e{r) = nu;„7r~"/2 / e-'^V""^ dr < e'^'^^^rdr = e-'''^^. 

J r J r 

Here tq 1 is taken so that nci;„7r~"/^e~''^/^r"'~^ < 1 for all r > ro- □ 

Proposition 3.2. Assume that h > — Cofi'(T) and |Vffp < -Do on K.X [0, Tq] 

/or some compact set fC C M containing a ball -Bg(o) (Pj ^) • Consider the 
C-geodesic '■ [0,t] — > M wii/i 7v(0) = p and limT-^o+ Vt^^ = V. Then 
we can find C = C{Co,Tq), D = D{Co, Dq,To) and small 6 = 6{Co, DQ,r, 
|y|g(o))^o) > such that 

(3.1) dg^o){Pnv{r)) < {C\V\g^o) + D)V^ 

and hence 71/(7") G Bg((^^{p,r) C K, for all r £ [0,5]. 

Proof. Let r' G [0, Tq] be the maximal time such that 7\/([0,r']) C K,. For 
r < r', we use the £-geodesic equation (12. 3j) to obtain 

^\V^X\l^^r) = \X\l(r) + M^X, V^X) + 2t{VxX,X) 
= -2h{^X, ^X) + TiyH, X) 

< -2h{VTX,V^X) + \V^X\l^^^+T\VH\l^^^ 

< (2Co + l)|V^X|2(^) + Z)oro. 
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From this, we derive that 

I < e(^^«+i)ny|J(o) + i?oro(e(2^o+y^ - 1) 
<(C|y|,(o) + D)2 

for C = C{Co,To) and D = D{Co,Do,To), and hence 



Jo Jo 

< (C|y|,(o) + D) r dr = (C|y|,(o) + D)V^. 
Jo 

As a consequence, we can find 6 = 5{C,D,r, |y|g(o);^o) > such that (j3.ip 
holds for r G [0,5]. □ 

3.2 Asymptotic reduced volume 

Given an ancient super Ricci flow (M, g(r)),r G [0,cxd), it is natural to 
expect that the asymptotic reduced volume V{g) := limT-^oo g) ^^^^ 
defined, namely it does not depend on p G M, as the asymptotic volume 
ratio is. In this subsection, we prove the following 

Lemma 3.1. Let {M"^ , g{T)),T £ [0, oo) be a complete ancient super Ricci 
flow satisfying Assumption \2.1\ with time derivative hounded from below. 
Then for any (pk, r^) G M x [0, oo) for k = 1,2 with T2 > ti, we have 

where gk{T) := g{T + t^), r G [0, oo). In particular, V{g) is well defined. 

Proof. Put TA := T2 — Ti > to notice that g2{T — t^) = giir). We first 
verify 

Sublemma 3.1. For any {p,Tp), {q,f) G M x [0, cx)) with f > Tp > ta, 
1 . ^ 1 



and 



Lf Aq,f- ta) < ^ (q, f) 
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Proof. We use the fact that H{-,t) > for ancient super Ricci flows 
(Proposition A.l) and the inequahty 

-y/r > = — TA for all Tp < r < f 



2Vf ~ 2Vr - TA 

to obtain 



2V^ - TA ^P'^P-^^') 

Here inf runs over all curves 7 : [rp, f] ^ M with 7(Tp) = p and 7(t) = (7. 
To see the second inequality, we use instead 

--\/t < — Vr — TA for all Tp < t < f. 



□ 

We return to the proof of the lemma. Fix r > and f ^ 1. Take 
q G K,{f) := C3^Kf^2T^{jPiir) and the point pA = 7(2ta) G M on the 
minimal £^^-geodesic 7 : [0,f] ^ M from (pi,0) to (g, f) such that 



The inequality in (j3.2p is due to the non- negativity of H. Recall that fC := 
C^^ K2t^^2t^{pi, 1") is compact andpA £ /C by construction (Proposition 13. ip . 
It follows from the combination of the triangle inequality for /^-distance, 
Sublemma 13.11 and (j3.2p that 



1 



1 _ 1 

< i=L^^ „ n((7,t)H may n\(',T"Al 



< 



£g^_0)(g,r) + C(r)f-V2. 
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Thus, as T > is large enough, 
.l-^£,o)W>^£,o)(^--A)-e(r) 

> / (4vrf)-"/2exp(-^g^,,)(.,f-rA))d/i,,(,_,^)-e( 
JIC(t) 



> e 



■''^'■^""''y^^^^(4vrf)-"/2exp(-^g^„)(.,f))d/.,,(,)-e(r) 

>e-^W-^^\limy(^;^^,)(r)-3.(r). 

We have used Proposition 13.11 to derive the fourth inequahty. Since f > 
and r > are arbitrary, the proof of Lemma |3. II is now complete. □ 



3.3 Finiteness of fundamental group 

Now we are ready to establish Theorem 11.31 As mentioned in the introduc- 
tion, what we intend to show is the following. 

Lemma 3.2. Let {M'^,g{T)),T £ [0, oo) be a complete ancient super Ricci 
flow satisfying Assumption \2.1\ with time derivative bounded below. We lift 
them to the universal covering M of M to obtain the lifted flow {M,g{T)). 
Take p £ M and p G Tr~^{p), where n : M ^ M is the projection. Suppose 
that V{g) := limT-^oo ^{po)(^) ^ ^' ^^^'^ '^^ have 

\7ri{M)\=V{g)V{gr^ <+^. 

Before we begin the proof of Lemma [3.21 let us state the following imme- 
diate corollary, which follows from Lemma 13.21 combined with Lemma 12.11 

Corollary 3.1 ([21 US])- Let {M,g) be a complete Riemmanian manifold 
with non-negative Ricci curvature and {M,g) be the universal covering of 
{M,g). If{M,g) has Euclidean volume growth, i.e., v{g) > 0, then we have 

|7ri(M)| = iy{g)iy{g)-^ < +oo. 

Here, v{g) denotes the asymptotic volume ratio as before. 

Proof of Lemma The proof is a modification of that of O Theorem 1.1]. 
Fix large r G (0, oo) and define 

aG7ri(M)\{e} 
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Then F is a fundamental domain of vr : M ^ M, namely 

F n qF = for a G 7ri(M) \ {e} and [J aF = M. 

aeTTi{M) 

We claim that vr : F — > M is locally isometric and surjective. To see 
this, pick q £ M and connect {p, 0) and (g, f) by a minimal £^-geodesic 
7 : [0, f] — > M. Then the lift 7 of 7 with 7(0) = p is a minimal i2^-geodesic 
in M. Let q := j{f). Then we have that q £ F and ir{q) = q. 

Furthermore, F \ F has measure 0, since 7r(F \ F) consists of the points 
in M such that minimal >C^-geodesic from {p, 0) is not unique. The set of 
such points has measure [H Lemma 7.99]. 

Fix any finite subset F C 7ri(M) and set Dr := max{(ig(o) (p, ap); a £ T}. 
Take Cq < 00 such that \h\ < Cq on Bg(^o){p, F»r + 1) x [0, 1] and \ VH\^ < Cq 
on Bg(^Q-^{p,l) X [0,1]. Fix r > 0. Due to Proposition 13.21 we can find 
5 = (5(Co,r) > such that c?g{o)(7y(''")i op) ^ 1 for any £^-geodesic 7^ 
starting from ap with |l^|g{o) < and r G [0, 5]. 

For any a G F and ^ G /lBf{ap, r)naF, let 7 be the minimal £^-geodesic 
from {ap, 0) to {q, f ) in M and connect p and j{6) by a minimal ^(O)-geodesic 
Cp,7(5) : [0, (5] ^ M. Define a curve 7 : [0, f ] ^ M by 

^^^) /^P,7(<5)W on [0,(5] 
|7(t) on [5,f] 

Then, letting q := vr(g), 

= ^ (£5(7) - CS{l\[o,5]) + CHCpMS))) 

= £l^^{q,f) + c{6,r)f-'/' 

where we have used that 

^tapfl)'^^^ = ^(p,o)(^' ^) ^""^ ^ ^ ^Br{ap, r) n aF. 
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We apply Proposition 13.11 to obtain that 
^(l,o)(^) ^ E L , _ (4vrf)-"/^exp(-£f^_,)(,.))d;.,(,) 

> |r| / (47rr)-«/2exp(-£^^,)(.,f) - C7(<5, r)f ^V2^ ^^^^^^ 

and taking f ^ oo and r ^ oo yields that 

(3.3) V{g) > \T\V{g) for any finite subset T C 7ri(M). 

Thus, 7ri(M) is finite and ([331) holds for T = iti{M). 
On the other hand, since 

^fp,0)(^'^) ^ ^(p,o)(^(9).^) for any (g,r) E M x (0,oo) 

we have 

^4o)(-)<i-iWi^5,o)(-) 

and hence V(5) < |7ri(M)| V(5). This finishes the proof of the lemma. □ 

We close this subsection by giving another corollary of Lemma 13. 2[ 

Corollary 3.2. Any ancient K-solution to the Ricci flow has finite funda- 
mental group. 

The proof is immediate since any ancient K-solution has positive 
asymptotic reduced volume [8l Lemma 8.38]. Meanwhile, Perelman has 
shown that any ancient K-solution has zero asymptotic volume ratio v[g{T)) 
[251 Proposition 11.4] (cf. [4J). This is why Corollarv 13.21 does not follow 
from Corollary 13. H but from Lemma 13.21 See ^ Definition 8.31] for the 
definition of ancient K-solution. 

3.4 Reduced volume under Cheeger— Gromov convergence 

Although we have considered the super Ricci fiow so far. Theorem 1 1.1 1 is not 
true for them. Prom now on, we concentrate on the Ricci fiow. To begin 
with, let us recall Shi's gradient estimate. Shi's derivative estimate was also 
employed in the proof of the compactness theorem for the Ricci fiow [ISj, 
which we will use later. 
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Theorem 3.1 ((Shi's local gradient estimate [14:\ Theorem 13.1])). There 
exists a constant C{n) < oo satisfying the following: let (M"" , g{T)),T £ 
[0,To] be a complete backward Ricci flow on an n-manifold M. Assume that 
the ball Bgix^-^iv, r) is contained in /C and |Rm| < Cq on /C x [0, Tq] for some 
compact set K, C M . Then for r e [0, Tq), 



Recall that we say that a sequence of pointed backward Ricci flows 



converges to a backward Ricci flow (M^, goo(T),Poo), ^ £ [Oi^) in the C°° 
Cheeger-Gromov sense if there exist open sets of Mqo with poo and 
UfcGZ+f^fc = M^oo and deffeomorphisms ■ Uk ^ Vk := ^k{Uk) C with 
^fe(Poo) = Pfc so that {{Uk,<^lgk{T))}kez+ converges to {M^,goo{T)) in the 
C°° topology on each compact set of x [0,T). 

By carefully investigating the proof of [8l Lemma 7.66], where curvature 
is assumed to be bounded on the whole of Mk x [0, T), one can show the 
following lemma without modification (cf. [8, Lemma 7.66]). 

Lemma 3.3. Let {{MJ}, gk{T),pk)}kez+ ^ [0)^) ^ converging sequence 
of pointed backward Ricci flows in the sense of C°° Cheeger-Gromov and 
{M^, goo{T),Poo),T G [0,T) be the limit. Then we have 



for T £ (0,T). The equality is achieved in (13.5|1 . with limsup replaced by 
lim, provided (<&fc(g),r) can be joined to (pfc,0) by a minimal C^'' -geodesic 
within the image <I>fc(/C) C of some compact set IC C M^o for all large 



Now we verify the convergence of reduced volumes. 

Lemma 3.4. Let {{MJ! , gk{T),pk)}kei.+ ^'^ ^ [Oi ^) a sequence of pointed 
backward Ricci flows converging to {M^,goo{T),Poo)- Assume that 



(3.4) 




{{M^,gk{T),Pk)}keZ+,rG[0,T) 



(3.5) 



limsup^g^.0)(cl..(g),r)<^^;^,j)(g,r) 



k e z+. 



Rm] < Co on Vk x [0, T) and 




kez+ 



Then for any r G (0, T) 



(3.6) 



lim Vf" „,(t) = V;^°° „,(r). 
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Proof. Let us put u^,{q,T) := (47rr)""'/2 exp(-^^*^ ^^(g, r)) for * G Z+U {oo}, 
and fix f G (0, T) and Tq G (f , T). Set := mJo- 
We invoke Shi's gradient estimate (Theorem 13. ip : 

|Vi?|2(.,r) < ■ .^^""If" . on i?[o,,,,](K,-yCb) for r G [CTq) 
mm{Co,To - rj 

where 

^[o,To](K, -a/O^) := {x G S<;4.)(x, 7^;) C K for all r G [0, Tq]}. 

Fix r > 0. Then by Proposition 13.21 we can find C(r) < oo such that any 
£s*.geodesic 7v([0, r]) in with 7v(0) = and |T^|g^(o) < ^ can not 
escape from Bo{p^, C{r)) when ★ is sufficiently large or = oo. 
Define Uk{-,T) : Mfc [0,oo) by 



Uk{q,r) :-- 



Uk{q,T) if q e £Br{pk,r) 
otherwise 



Then each Uk{-,T) has a compact support in Bg^(^Q^{pk,C{r)) and it follows 
from Lemma 13.31 that 



(3.7) limsup Uki^k{q),T) G {noo(g, r), 0}. 



fc— ^oo 



Therefore, noting that Uk{-,T) < (47rr) "/^ exp(in(n — l)Cor), we derive 
from Proposition 13.11 Fatou's lemma and (|3.7p that 



limsup gJr) - e(r) < limsup / Uk{-,T) dfig^^^^) 

= limsup/ Uki'^ki-),r)dn^*g^^f 

fc^oo J Bo{poo,C{r)) 

< 



limsup Ufc(^>fc(-),r)(i/i$.g^(^) 

-Bo{poo,C(r)) fc^oo 

^^(p1o)(-)- 
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On the other hand, by combining Fatou's lemma and (j3.5p . we obtain 
hminf V.^^ ^Jf) > hminf / Uki<^ki-),f) dfi^*g^f) 



> 



> 



CBf{poc,r) 

hm inf -Ufc (^>fc (•) , f) 



CBr{poo,r) 



CBf{pac,,r) 



^^ipZ,o)(r)-e{r). 

We also used Proposition 13.11 to get the last inequality. Since r > and 
T S (0, T) are chosen arbitrarily, we conclude that 

for any r G (0,T). This completes the proof of Lemma |3.4[ □ 



4 Proof of the main theorem 

Before proceeding to the proof of Theorem I l.H we first establish the following 
technical lemma. 

Lemma 4.1. For any a > andf > with af^^ > 2, we can find en{oif^^) 
> depending on af~^ and n > 2 which satisfies the following: let (M", 
g{T)),T G [0, T),T < CO he a complete backward Ricci flow with Ricci curva- 
ture bounded bellow. Put 

M{a) := {(p,s) G M X [0,T); |Rm|(p,s) > a(T- s)"^}. 

Suppose that the reduced volume based at (p, s) satisfies 

^{p,s){Q{p,sf 'l > ^ ~ en{af~^) at all {p,s) G M(q) 

with := |Rm|(p, s). Here we define V{p,s){t) as V^p^^if) for gs{T) := 

g{T + s),T e [0,T - s). Then M (a) =9, that is, 

|Rm|(-,r) < a{T-T)-^ on M x [0,T). 

One might notice the similarity of the statement of Lemma l4.1l to those of 
Perelman's pseudolocality theorem [25^ Theorem 10.1] and Ni's e-regularity 
theorem \23\ Theorem 4.4]. In fact, the proof of Lemma [4.11 follows the same 
line as those of them. (As the referee report says, there is a close relation 
between gap and local regularity theorems.) 
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Proof of Lemma \4-l\ We prove by contradiction. Fix a > and f > with 
af > 2. Assume that we have a sequence {{MJ! , gk{T))}i^^^+ ,t £ [0,Tfc) 
of complete backward Ricci flows with Ricci curvature bounded below such 
that 

• Mfc(a) := {{p,t) e Mfc x [0,Tk); \Rm\{p,T){Tk - r) > a} / and 

• ^(p,r)(Q{p,Tf) > I - for any (p,r) G Mfc(a), where : = 
|Rm|(p,r). 

Applying Perelman's point picking lemma (Lemma IA.2P for [A, B) = 

{k,a), we can find a point {pk,Tk) G Mk{a) such that ^(p^rfe)(^fc ^) ^ 
1 — and 

|Rm|(x,r) < 2Qk 

for (x,t) eBg^(^^){pk,kQl^^'^) x [rfc,rfc + ^Q^^a], where := \Rva\{pk,Tk). 
Consider the sequence {(M^, ^fc(r),p/(.)}^g2+ of rescaled Ricci flows 

9k{T) ■= QkOkiQk^T + Tfc), T G [0, a/2]. 

Then every gkir) has |Rm|(pA:,0) = 1, |Rm| < 2 on Bg^^Q){pk,k) x [0,a/2], 
and V^^* o)(^) > 1 — k^^ by Proposition 12.11 

Now we observe that the injectivity radius of (M^, gk{0)) at pk is uni- 
formly bounded from below. To see this, we use Proposition 13.21 to get small 
6 = d{r) > so that £. exp^{pk,r) C Bg^(^Q-^{pk, 1) for some large r > and 
all large k. Then 

< (47r5)-"/2e'^("-i)Vol^,(o)i?5,(o)(p.,l) +e(r) 

from which we obtain a uniform lower bound for Volgj,(o)-Sgfe{o)(PA;) !)• The 
desired lower bound for the injectivity radius follows from Cheeger's lemma. 

Since each {MJ} , g^ir)) has a uniform curvature bound and lower bound 
for the injectivity radius at {pk,0), according to Hamilton's compactness 
theorem [15], we can take a subsequence of {{MJ! , g^^T) , p^)} k£Z+ converging 
to the limit Ricci flow {M^, goo{T),poo),T G [0,0/2). From Lemma [3.41 
we infer that o)i^) ~ which implies that the limit {M^, goo{0)) is 
isometric to the Euclidean space by Theorem 12.11 This is in conflict with 
that iRmKpoo^O) = 1. The proof of Lemma 14. II is now complete. □ 

Now we present the proof of Theorem 11.11 
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Proof of Theorem \l.l\ Take e„ := £n{^) > from Lemma [4.11 Suppose that 
{M"^ , g{T)),T G [0,00) is a complete ancient solution to the Ricci flow with 
Ricci curvature bounded from below satisfying that 

V{g) >!-£„. 

Due to Lemma 13.11 and the monotonicity of the reduced volume, we know 
that 

V(p,^-)(f) > I- En for all {p, t) e M X [0, 00) and f > 0. 

By Lemma |3.2| we know that 7ri(M) is finite, and applying Lemma l4.ll for 
aU T > yields that (M",5(r)),r G [0, 00) is flat. The only flat manifold 
with flnite fundamental group is the Euclidean space. Thus (M",5r(r)) is 
isometric to (M^j^e) for ah r G [0, 00), i.e., (M", 5r(r)), r G [0,oo) is the 
Gaussian soliton. This concludes the proof of Theorem 11.11 □ 

Remark 4.1. Theorem 1 1 . 1 1 may have several variations. (See the questions in 
[22j for instance.) The following, which also generalizes Theorem II. 2| may 
be thought of as one of them. 

Theorem 4.1. There exists > satisfying the following: let (M'^ , g{T)), 
T G [0,00) be a complete ancient solution to the Ricci flow with bounded non- 
negative Ricci curvature. Suppose that the asymptotic volume ratio i'{g{To)) 
of g{TQ) is greater than 1 — e'^ for some tq G [0,cxd). Then {M^, g{T)),T G 
[0, 00) is the Gaussian soliton. 

The following proposition was proved by the author by utilizing Cheeger- 
Colding's volume convergence theorem [5l Theorem 5.9] and Lemma fA.lT b). 

Proposition 4.1 ([301 Theorem 7]). Let {M,g{T)) be a complete backward 
Ricci flow with bounded non-negative Ricci curvature. Then the asymptotic 
volume ratio v[g[T)) of g{T) is constant in r. 

The proof of Theorem 14.11 is essentially the same as that of Theorem 11.11 
and we leave it to the interested reader. 

We also comment here that Theorem 14.11 is not true when the ancient 
solution g[T) in the statement is replaced with an immortal solution g{t),t G 
[0,00) to the (forward) Ricci flow. In fact, one can show that any Ricci 
flow g{t),t G [0,r) which has bounded non-negative curvature operator and 
the initial metric g{0) = go with positive I'igo) > extends to the immortal 
solution g{t),t G [0, 00). (See also the example in [101 Chapter 4, Section 5].) 
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5 A gap theorem for gradient shrinkers 

In this section, we present the proof of Corollary 11.11 and discuss the case of 
expanding Ricci solitons. 

5.1 Shrinking Ricci solitons 

We now prove Corollary 11.11 Recall that {M'^,g,f) is a complete gradient 
shrinking Ricci soliton with Ricci curvature bounded below. 

Proof of Corollary First, we construct an ancient solution to the Ricci 
flow. (Recall the proof of Theorem 12. li See also [1U\ Theorem 4.1].) Define 
a one-parameter family of diffeomorphisms ip.,- ■ M ^ M, r G (0, oo) by 

d „ , . , 

—(fr = -V/ o ip^ and ipx = idA/. 
ar T 

It is easy to see that the gradient vector field V/ is complete, thanks to the 
assumption on the lower bound for Ric. Then we pull back g by ipr ■= 
so as to obtain a backward Ricci flow go{T) := j{iljT-)*g,T £ (0, oo) with 
go{X) = g. Put 5i(r) := g{T + l),r G [0, oo) and fix some point p G M. It 
suffices to show that 

(5.1) V{gi)> I {ATrXr'^/^-f dfig 

since the left (resp. right)-hand side of (|5.ip is < 1 (resp. >0). 

Let us first give a heuristic argument. It seems reasonable to hold that 

^(p!o)(^) = ^(5o) = ^^(4^A)-"/2e-/ df,g for ah r > 

(cf. [3]). Then inequality ()5.ip will follow from Lemma [3. 11 if it is applicable 
to this case. Of course, the problem arises from the fact that r = is the 
singular time for go{T). 

Now we give a rigorous proof. Recall that we have normalized / in (II. Sp 
so that 

Rgoir) + |VM^„(.) - ^ = for r > 

where = f{-,T) := [ilJTy f = f ° ipr- Since Rg^^r) is non-negative (Propo- 
sition [A]T|) , so is fr- Put xi := tpriix) and X2 ■= ^r^i^) for some x £ M. 
Then it follows from the argument in [U p. 344] that 7(t) := (p-j- o (p~^(^xi) 
is the £^'^-minimal geodesic from (xi,ri) to (x2,T2) and 

(5.2) ^Lj'«.^,,^)(x2,r2) = /(X2,ri) - ^J{x,,n). 



22 



Fix a compact set fC C M, e > and f ^ 1. Take q G y'f(^) and 
P2 £ ¥'2(^) with g = iff o ip^^{p2). From the triangle inequahty for £- 
distance, Sublemma l3.1l and ()5.2p . it fohows that 

</(9>^)-/|/(P2,2)+C(/C)f-^/2 
</(<7,f) + C(/C)f-i/2. 

From this, we deduce that 

V(<7i)>yf^;o)(f-l)-e 

> e-^(^)-^^^ /■ (4vrf )-"/2e-/('^-)d^,„(,)(g) - ^ 



We have used the equation 

/ ho'ipf dix^^^Yg = hdfig for any h G L^{dfig) 
JM Jm 



which fohows from the definition of pull back. Inequality (|5.ip then follows 
from the arbitrariness of f > 0, e > and /C C M. 

By using (jS.ip , Theorems 11.11 and 11.31 immediately imply Corollary 11.11 
As for (3) of Corollarv ll.il it is easy to see that the Euclidean space regarded 
as a shrinking soliton is the Gaussian soliton up to scaling (cf. [8^, p. 416]). 
This concludes the proof of Corollary 11.11 □ 



In the above proof, inequality (jS.ip was enough for our purpose, however, 
we can actually show that the equality holds in (15. ip in the situation of 
Corollarv ll.il Here we describe the proof of this for future applications. 

Proposition 5.1. Let {M"',g,f) be a complete gradient shrinking Ricci 
soliton with Ricci curvature bounded below by —K G M. Assume that f 
is normalized so that l\1.3h holds. Then, with notation as in the proof of 
Corollary we have 

(5.3) V(<7i)= I (47rA)-"/2e-^d/i,. 

Jm 
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Proof. Take a sequence {Tj}jg2+ with r, ^ oo as i — > oo and put Oi :- 



1 — ^. Fix r > and r > sufficiently large. For any g G /Cj(r — 1) := 

C3^Kf^i^r,-i{p,r), take := 7(Ti - 1) G /C, := £^ii^r,-i,r,-i(p, '^), where 7 
is the minimal -geodesic from (p, 0) to (g, f — 1). 

It follows from the combination of Sublemma 13.11 and (|5.2|) that 

^(;,o)('^'- - 1) = - 1) + Lll,,{p..n - 1)) 

> ai(f{q,f) - J^niax/(-,ri)) 
\ y T iCi / 

= aJ(g,r)-C(T,)f"^/2^ 

Recall that L^^ 0) ') — ^' '^'^i^h follows from the non- negativity of the scalar 
curvature of (7i(t) (Proposition lA.ip . and that /Cj is compact. 
Thus, by Proposition 13.11 

V(5i)< (l-i)"^Vn,(r-l)+e(r) 



< / _ (4^r)-"/2exp(-£go)(.,f-l))d/.,„(,) + 3e(r) 

J JCi (t 1) 

<eC{n)r-'/^ I (4^A)-"/2e-"»/d^g + 3e(r). 

JM 

Now we observe that e~"*-^ is integrable for large i G Z"*". To do this, 
let us recall that /-volume Jj^ dfx is finite if the Bakry-Emery tensor 
Ric + Hess / is bounded below by positive constant [211 [27]. In our case, we 
know that 

Ric + Hess ai/> (^^- {1 - ai)K^g > 

and hence /^^ d^g makes sense for all large i G Z^. 

Since r > and f > are arbitrary, we have obtained that 

(5.4) V{gi) < [ (47rA)-"/2e-«,/^^^ (< 

JM 
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and the right-hand side of (j5.4p converges to the normahzed /-volume as i — > 
oo. Combined with (jS.ip . this completes the proof of the proposition. □ 



5.2 Expanding Ricci solitons 

Finally, we consider gradient expanders of non-negative Ricci curvature and 
prove the result corresponding to Corollary [TTT] for them. A gradient expand- 
ing Ricci soliton is a triple (M, g, f) satisfying 



for some positive constant A > 0. We normalize / G C°°{M) so that R + 
I V/|2 - \-^f = on Af for the expander (M, g, f ) too. 

Proposition 5.2 ([!]). Let {AI''^,g,f) be a complete expanding Ricci soliton 
with non-negative Ricci curvature. Then 

(1) M" is diffeomorphic to R". 

(2) We have 



and the equality holds if and only if {M'^,g,f) is, up to scaling, the 
expanding Gaussian soliton (W^,gE,^-^)- 

We remark that the proposition is a restatement of a result of [3]. Because 
our proof is simple and purely geometric in contrast to the one in [4J, we 
decided to include it here. 

Proof of Proposition \5.Si First, we note that the potential function / is 
bounded below and ^-convex, i.e., Hess/ > i^g > 0. Therefore, / has 
the unique critical point p € M where the minimum value of / is attained. 
Part (1) of the proposition follows from this. 

Next, as in the proof of Corollary [TTTl we construct a self-similar solution 
to the (forward) Ricci flow go{t) := j{ipt)*g,t G (0, oo) and put gi{t) := 
go{t + l),t E [0,oo). 

Define the forward reduced distance at {q,t) £ M x (0, oo) by 



Ric — Hess / -| -g = 



(5.5) 




1 



inf{£+(7); j{0) = p,j{t) = q} 



2Vi 



25 



where we defined the forward C-length £^(7) of 7 : [0, t] ^ M by 



Vt 







dt 



91 (i) 



Rg,itMt)))dt. 



Then we consider the formal reduced volume defined by 



(5.6) 



M 



We do not care whether ^(p^o)(^) monotone. (This is the case when gi{t) 
has bounded non-negative curvature operator or non-negative bi-sectional 
curvature in the Kahler case |24j.) 

Since {M'^,gi{t)) has non-negative Ricci curvature, we have 



1 



inf 



Vt 



d'j 



dt 



2Vi - 1 ^ Jo dt gi{t~l) 



and by Lemma l2.1 
't- l\"/2 



t 



) < lj4nt)-^/\^p[-l-d,{p,M-)?)df^g,it) 



(47rA) 



-n/2 



exp 



M 



dgjp,-)' 

4A 



dflg 



< 1. 



Then, from the same argument as in the derivation of (|5.1|) in the proof 
of Corollarv ll.il we derive that 

[ (4vrA)-"/V/d/.,<liminfy(^; (t) 



and hence 



(5.7) / (4^A)-"/2e-/(i//g < / (47rA)-"/2exp(-^^^%^)d/Xg < 1 
JAf V 4A / 



which yields (j5.5p . 

When the normalized /-volume is 1, we have equalities in (|5.7|) . Then 
we know from the equality case of Lemma 12.11 that {M"',g) is isometric 
to the Euclidean space. The only way to regard (R^j^e) as a gradient 
expanding Ricci soliton is the Gaussian soliton, up to rescaling. This finishes 
the proof. □ 



26 



6 Concluding remarks 



2h < 
= trh. 



In this section, we collect some remarks. 

Remark 6.1. Let (M"^ , g{T)),T £ [0, T) be a super Ricci flow -^g =: 
2Ric satisfying Assumption 12.11 on a closed manifold M. Put H :- 
Following [25], we define the W -entropy for a triple {g{T), f,T) by 

(6.1) W{g{T),f,T)= [ \r{\Vf\^ + H) + f-n\udfig^^) 

where / is a smooth function on M", r > and u := (47rr)~"'/^e^-^. 

We evolve u by the conjugate heat equation -^u = Ag^^-^u — Hu, or 
equivalently. 

Then, by simple calculation, we obtain the entropy formula for the super 
Ricci flow: 



d 



-2r 



M 



h + Hess / - -^g 
It 



+ {dH -2divh)(yf) 



+ (Ric - h)iVf, V/) + ^9(r)H + 2|/i|2 



u dug^^) 



< 



from which we simultaneously recover the entropy formulae of Perelman 
{h = Ric) [25J and Ni {h = 0) [22j. 

We also have similar formula for the super Ricci flow analogue of 
J^- entropy introduced in [251 Section 1]. 

Remark 6.2. (1) We can find the optimal value e„ of the constant obtained 
in Theorem 11.11 namely e„ := 1 — ma.x{V{g)} > 0. We take the maximum 
over all the complete n-dimensional non-Gaussian ancient solutions to the 
Ricci flow with Ricci curvature bounded below. The maximum is achieved, 
as is seen by the limit argument used in the proof of Lemma 14.11 Then it is 
easy to see that {e„}J^2 is a non-increasing sequence. It seems interesting 
to determine the exact value of lim„^oo £n ■ 

(2) Now we calculate an asymptotic reduced volume (or normalized 
/-volume) for the round n-sphere {S"',gs") with constant Ricci curvature 
Ric = ^gs"- Then ^(t) := (1 -|- T)gsn,T G [0, cxd) is an ancient solution to 
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the Ricci flow, while {S'^ , gs" , f) with / = ^ is a gradient shrinking Ricci 
soliton. By Proposition I5.H 

Vig) = [ (4vr)-«/2e-"/2d^,^„ 

^/2^m'"+5e-'" f2 [2 
T[m + 1) V e V e 

Here we have put n = 2m + 1, m G and used that Vol(S'"', 2{n-i) 9^'^^ ~ 
/Tim + 1) and Stirling's formula: 

r(m + 1) = \/2^m"'+^e-'"e^('") for m > 0, 

where 6{m) \ as m /" oo. This gives an upper bound for the constant s^i 
obtained in Theorem ll.lt 

en < 1 - e-'^(")\/2^ \ 1 - \/2^ as n / cx). 

Remark 6.3. Theorem 11.31 has another corollary which was pointed out by 
Professor Lei Ni. 

Corollary 6.1. Let {M^,g{t)),t G [0,T) be a complete Ricci flow with 
bounded curvature and positive injectivity radius att = which develops sin- 
gularity at finite time t = T < oo. Then any singularity model of (M", g{t)) 
has finite fundamental group. 

The singularity model is the limit of dilations of {M",g{t)) around a 
singular point (see [10, Chapter 8] for the precise definition). We can take 
such a blow-up limit in the corollary by virtue of Perelman's no local col- 
lapsing theorem |25[ Section 7] and Hamiton's compactness theorem |T5]. 
The corollary immediately follows from the fact that such a singularity 
model is an ancient solution with positive asymptotic reduced volume 
(cf. [81 Lemma 8.22]). 

We will be able to use this corollary in order to understand the singu- 
larities of the Ricci flow further. For example, we can prove the following: 
for any ancient solution {N^~^ , gN{t)),t G (— oo,a), the canonical ancient 
solution on x N"'~^ cannot occur as a blow-up limit of the Ricci flow as 
in Corollary 16. 1[ In the case where is a sphere, this result was conjectured 
by Hamilton [14^ Section 26] and proved by Ilmanen-Knopf |16j . 

Remark 6.4. (1) Feldman-Ilmanen-Ni |12j have discovered the forward re- 
duced volume n){'t) for the (forward) Ricci flow {M"' , g{t)),t G [0, T) which 
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is non-increasing in t. However, its definition is given by 



^(J,o)(*) ■■= /^(4vrt)-"/2e'i.o) 



(cf. with (|5.6p ) and it is not well defined for general non-compact manifolds. 
It is not likely that Theorem 11.11 has an analogue for the forward reduced 



(2) One can also easily generalize the monotonicity of y^Q-jit) to the 

forward super Ricci flows -^g > — 2Ric, if the condition corresponding to 
Assumption 12 . 1 1 is imposed. 

Remark 6.5. In Carrillo-Ni's preprint [4J, the potential function / of the 
gradient Ricci soliton {M'^,g,f) is normalized so that 



Then their main result is the logarithmic Sobolev inequality for gradient 
Ricci solitons with iJ.{g,f) := X{R + |V/p) — f as the best constant. They 
also showed that fi{g, /) > for gradient shrinking Ricci solitons (under the 
curvature condition stronger than ours) and conjectured that fi{g, /) = 
implies that it is the Gaussian soliton. It is easily checked that fj,{g, f) = 
— log Vol f (M) , where Vol j (M) is the normalized /-volume of (M" ,g,f) with 
/ being normalized in our sense as in (|1.3p . Hence, Corollarv ll.l[ (3) gives 
an affirmative answer to the conjecture in [3]. 

Remark 6.6. After the first version of this paper was completed, the result 
of Zhang [3T] came to the author's attention. It states that for any gradient 
Ricci soliton (M, g, /), the completeness of g implies that of V/. Recall that 
we have used the assumption that Ric > —K for some ii' G R in the proof 
of Corollary 11.11 only to ensure the completeness of V/ and the existence 
of minimal £-geodesics between any two points in space-time. A natural 
question is whether the assumption on Ric in the statement of Corollary 11.11 
is superfluous. 

Appendix 

In this appendix, we present very detailed proofs to the facts on the super 
Ricci flow used in the proof of main theorem. The proofs rely on the following 
lemma whose proof in [25j works as well for the super Ricci flow. 



volume 
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Lemma A.l ([25l Lemma 8.3]). Let {M^,g{T)) be a complete super Ricci 
flow. 

(a) Assume that Kic{- , tq) < {n — l)K on the ball Bj-Q{xo,rQ). Then outside 
of Bro{xo,rQ), 

d 2 



The inequality is understood in the barrier sense. 

(b) Assume t/iat Ric(-, tq) < {n — l)K on the union of the balls BrQ{xQ,ro) 
and Brf) {xi , ro) . Then 



d-" 



—dr{xo,xi) < 2(n - 1)( -Kro + rg ^ 



T=TO 



2 



3 



Here, ^f{T) '■= limsup£^o+ -^^"^^ denotes the upper Dini 

derivative. 

A.l Perelman's Point picking lemma 

Lemma A.2 ([25, Section 10; 17, Lemmas 30.1, 31.1]). Let {W,g{T)),T G 
[0, T) be a complete super Ricci flow and A,B>0 are arbitrary numbers. 
Assume that there exists a point (xi,ri) G M{B), where M{B) := {(x,r) e 
Mx[0,r); |Rm|(a;,r)(r-r) >B}. Then we can find a point (p*,n) eM{B) 
such that 

(A.l) |Rm|(j;,T) < 2|Rm|(p*,r,) =: 2Q 

for all (x,r) with dr^,{x,p^:) < AQ~^^'^ and < r < + ^BQ^^ . 

The proof is divided into two steps as in [25] . 

Claim 1. Take xq £ M and A' > satisfying that 4(n — l)Be < 1 and 
{eA')'^ > 3/2 for some small e > and A' > 2A. Then we can find a point 
{p*,T^:) £ M[B) such that ^A.l\\ holds for all (x,r) with 

dr{x,xo) < dr,{p*,xo) +A'Q^^^'^ and < r < n + ^BQ^^. 

Proof. If not, we can construct a sequence {{xi,Ti)}^(^i+ C M{B) starting 
from (xi,ri) G M{B) satisfying that 

Qi+i>2Qi, di+i<di + A'QT'^''^ and n < Ti+i < t.-, + \BQt^ 



30 



where we put Qj := |Rm|(xj,rj) and := dnixi^xo). Weseethat (xj+ijTi+i) 
hes in M{B) if {xi,Ti) does. Indeed, 



Qi+i{T - Ti+i) -B> 2Qi(T -Ti- ^BQr^j - B 
= 2(Q,{T-n)-B) >0. 



This imphes that {(a^j, C M{B). 

Then Qi > ^ oo as i ^ oo, which contradicts to that 

Ti <Ti + BQ^^ <T - ei <T and d^ < di + 2A'Q^^^'^ . 

Here ei > is taken so that |Rm| (xi, ri)(T — ri — ei) > B. Hence the 
sequence {{xi,Ti)} stops at finite steps and the terminal one is the desired 
point (p*,r*). □ 

Claim 2. The point (p*,r*) just obtained satisfies the desired property. 

Proof. Take x £ Br,{p*, AQ-^/"^) and put tq := eA'Q^'^^'^. Let r' G [t^,t^ + 
^BQ~^] be the supremum of r" such that 

|Rm|(-,T) < 2Q on 5^(xo,ro) U Br{x,ro) for all r G [To,r"]. 

It follows easily from the choice of (p^=,r*) that r' > r* and |Rm| < 2Q on 
Br{xo,ro) for r G [n,r* + ^BQ^^]. 

Applying Lemma lA.lT b) for tq = eA'Q~^/'^, 

dr'{x, xo) - dr, {x, xq) < 2{n - 1) (fe^'Q^/^ ^ (£^')-1q1/2^ _ 

< 2(n - l)eA'BQ-^/2 

< }^A'Q'^'\ 

Therefore, we have that 

dr'{x,XQ) < drAx,P*) +drAP*,Xo) + ^A'Q"^/'^ < dr,{p*, Xq) + A' Q~^/^ 

and r' = + ^iJQ"^. As x G Br^{p^:, AQ^^^^) is arbitrary, we conclude 
that 

|Rm| < 2Q on B^Ap*, AQ-^/^) x + ^BQ-^]. 

This completes the proof of the lemma. □ 
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A. 2 Ancient solutions have non-negative scalar curvature 

Proposition A.l ([Bl Proposition 2.1]). Any complete ancient super Ricci 
flow {M'^, g{T)),T £ [0, cxd) satisfying l\2.S^ has non-negative trace of time 
derivative 2H := i^-^g > 0. 

Note that we have no assumption on the bound of in Proposition I A. 1 [ 

Proof. We give a proof by contradiction which is based on the maximum 
principle argument. Assume that H{xq, tq) < for some (xq, tq) G Mx[0, oo). 
We may assume that tq = 0. 

Let 99 : M ^ [0, 1] is a non- increasing function satisfying that 99 = 1 
on (—00, 1/2], if = on [l,oo) and if" — > —C^fp on (—00, 1) for some 
C > 0. Such a function can be constructed from (/?(s) = (s — 1)^ for s < 1 
near s = 1. 

Take sufficiently large Tq > so that n|i7|(xo, 0)-^ < Tq. Find ro > 
such that Ric <{n— V)r'^'^ on Bt-{xo, tq) for all r G [0, Tq] and fix A > so 
large enough that \H\{xo,0) > nC(Aro)~^. 

Put 

'drix,xo) - |(n - l)ro V^ 



Then 



u{x, t):=p( ^' ^ )Hix, r). 



+ A ju{x, t)=lp — — ^ H{x, t) 

+ ^(^^ + a) H{x, r) + 9="!^ + 2(Vv9, VH){x, r). 

Let Uyami'T') '■= iiiin^^gM u{x, t) and assume that Umin(''"i) = ri) < 
for some n > and xi G M. Then ^,-1(2:1, 2:0) < + |(n — l)r'f^^Ti and 
H{xi,Ti) < 0. Furthermore, we have Vn(xi,ri) = and Au{xi,ti) > 0. 

If d-r^^xi^xo) < Tq, then u = H near (xi,ri) and 

-^tmm(n) < hmmf 



dr r\ri r — Tl 

< -AH{xi,Ti)-2\hf{xi,n) 
2 2 

< H'^{xi,Ti) = nmin(n)^- 

n n 
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If drj^{xi, xq) > vq, by Lemma lA.lT a) and that 2ab < + 6 

^^--UminlTl) < -2(f\h\ (Xi,ri) + [if ' 



cIt ' \ 99 / (Aro) 

< (fH (xi,ri) - 



2 



2 nC'^ 1 

Since |ttmin|(0) > \H\{xo,0) > nC{Aro)~^, we know that ^nmin < 
u^ij^ on [0,ro]. Therefore, 

Tl 

as r ^ JT-l^iminKO)"^ < Tq. This is the desired contradiction. □ 
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